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Abstract 

We present a symplectic rearrangement of the effective four-dimensional non¬ 
geometric scalar potential resulting from type IIB superstring compactification on 
Calabi Yau orientifolds. The strategy has two main steps. In the first step, we 
rewrite the four dimensional scalar potential utilizing some interesting flux com¬ 
binations which we call new generalized flux orbits. After invoking a couple of 
non-trivial symplectic relations, in the second step, we further rearrange all the 
pieces of scalar potential into a completely ‘symplectic-formulation’ which involves 
only the symplectic ingredients (such as period matrix etc.) without the need 
of knowing Calabi Yau metric. Moreover, the scalar potential under considera¬ 
tion is induced by a generic tree level Kahler potential and (non-geometric) flux 
superpotential for arbitrary numbers of complex structure moduli, Kahler mod¬ 
uli and odd-axions. Finally, we exemplify our symplectic formulation for the two 
well known toroidal examples based on type IIB superstring compactification on 
T®/(Z 2 X Z 2 )-orientifold and T®/Z 4 -orientifold. 


^Email; pkshukla@to.infii.it 

^From October 1, 2015, the address has been changed to ICTP, Strada Costiera 11, Trieste 34014, 
Italy, Email: shukla.pramod@ictp.it. 


1 



Contents 


1 Introduction 


a 


2 Preliminaries 

2.1 Splitting of various cohomologies under orientifold action 

2.2 Four dimensional effective scalar potential. 

2.3 New generalized flux orbits. 



3 Rearrangement of scalar potential: Step 1 

3.1 Using first set of symplectic relations . . . 

3.2 Using new generalized flux orbits. 

3.3 Summary of first rearrangement. 


P 

n 

14 

16 


4 


Rearrangement of scalar potential: Step 2 

4.1 Invoking a set of important symplectic identities. 

4.2 Symplectic rearrangements. 

4.3 Adding D-term contributions . 

4.4 Summary of final symplectic form. 

4.5 Towards the ten-dimensional uplift of the symplectic rearrangement of the 

scalar potential. 


0 

12 

18 

20 

21 


22 


5 Explicit examples for checking the proposal 

5.1 Example A: Type IIB T®/(Z 2 x Z 2 )-orientifold 

5.2 Example B: Type IIB T®/Z 4 -orientifold . . . . 

6 Conclusions and future directions 


p 

25 

28 


31 


A Useful symplectic relations 


34 


1 Introduction 

For more than a decade, moduli stabilization has been among the most challenging goals 
of realistic model building attempts in superstring compactihcations. In this regard, a 
lot of attractive progress has been made in type II orientifold compactihcation in recent 
years HI El El 111 El El E]. Turing on various possible fluxes on the internal background 
induces effective potentials for the moduli and hence create the possibility of fluxes 
being utilized for moduli stabilization and in search of string vacua [H El uni EH Ea 
EH El Eg. Moreover, interesting connections between the toolkits of superstring flux- 
compactihcations and the gauged supergravities have given the platform for approaching 
phenomenology based goals from two directions [H EH ESI ESI EDI EH El El El El ES] • 
A consistent incorporation of various kinds of possible fluxes makes the compactihcation 
background richer and more hexible for model building. For example, inclusion of non¬ 
geometric hux breaks the no-scale structure of low energy 4D type IIB supergravity, and 
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opens the possibility of stabilizing all moduli at tree level. However, the task does not 
remain as simple as many technical challenges are inevitable, and the same have led to 
enormous amount of progress in recent years [HI HZl HSl EHl ED ED ED ED ED ED ED 
EDEQllaDEDEDlaDEDlaSlET]. For example the resulting 4D scalar potential are very 
often so huge in concrete examples (say in Type IIB on T®/(Z 2 x Z 2 ) orientifold) that 
even it gets hard to analytically solve the extremization conditions, and one has to look 
either for simplihed ansatz by switching off certain flux components at a time, or else 
one has to opt for an involved numerical analysis. 

There have been close connections between the symplectic geometry and effective 
potentials of type II supergravity theories [381 EH] , and the role of symplectic geometry 
gets crucially important while dealing with Calabi Yau orientifolds. The reason for the 
same being the fact that unlike toroidal orientifold examples, one does not know the 
explicit analytic representation of Calabi Yau metric needed to express the effective 
potential. However, in the context of type IIB orietifolds with the presence of standard 
NS-NS three-form flux (Ffs) and RR three-form flux (F 3 ), it has been shown that the 
complete four dimensional scalar potential (derived from F/ D-term contributions) could 
be expressed via merely using the period matrices and without the need of CY metric 
[401 ITT] . A chain of successive T-duality operations on TT-flux of type H orientifold 
theories lead to various geometric and non-geometric fluxes, namely w, Q and R-fluxes. 
Moreover, S-duality invariance of type IIB superstring compactihcation demands for 
including additional P-fluxes S-dual to non-geometric Q-flux [ID ED ED EDI lia Haile] • 
Now the question arises if it could be possible to take the next step to include generalized 
(non-geometric) fluxes in symplectic formalism of [101 El] • 

Moreover, in the context of non-geometric flux compactihcations, there have been 
great amount of studies via considering the 4D effective potential merely derived by 
knowing the Kahler and super-potentials [D ED ED ED ED ED SD SHI EH] , and without 
having a good understanding of their ten dimensional origin. Some signihcant steps 
have been taken towards exploring the form of non-geometric lOD action via Double 
Field Theory (DFT) H [ID EH] as well as supergravity [HI ED SD ED ED- ^^is 
regard, toroidal orientifolds have been always in the center of attraction because of their 
relatively simpler structure to perform explicit computations, and so toroidal setups 
have served as promising toolkits. For example the knowledge of metric has helped in 
anticipating the ten-dimensional origin of the geometric flux dependent [2D] as well as 
the non-geometric flux dependent potentials [M] via a dimensional oxidation process in 
the T®/(Z 2 X Z 2 ) toroidal orientifolds of type HA and its T-dual type IIB model. Later 
on, this dimensional oxidation process has been further extended with the inclusion of 
P-flux, the S-dual to non-geometric Q-flux in [49] as well as with the inclusion of odd 
axions B 2 IC 2 and geometric flux (w) as well as non-geometric flux (P) in [5DED leading 
to the appearance of peculiar flux combinations which are called as new generalized flux 
orbits. 

In this article, we aim to extend the symplectic formalism of [IDSI] by rewriting the 

much better understanding of the ten dimensional origin of the 4D non-geometric scalar potential 
has been proposed very recently in a nice work |50) via considering dimensional reduction of DFT. 
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four dimensional non-geometric scalar potential in terms of symplectic ingredients. To be 
specific, in the context of type IIB non-geometric Calabi Yau orientifold compactification, 
we will consider generic tree level Kahler and (non-geometric) flux super-potentials for 
arbitrary number of moduli/axions, and rearrange the F/D term contributions using 
new generalized flux orbits and some symplectic relations. 

The article is organized as follows: Section |2] provides a very brief review of type IIB 
non-geometric flux compactihcation relevant for the present work. In Section [31 we com¬ 
pute the four dimensional non-geometric scalar potential resulting from the generic tree 
level expressions of Kahler - and super-potentials valid for arbitrary numbers of complex 
structure moduli, Kahler moduli and odd-axions. Subsequently as a hrst step, we rewrite 
the scalar potential into a compact manner via using interesting flux combinations what 
we call new generalize flux orbits. In section 01 we invoke a couple of symplectic relations 
to further rewrite the hrst rearrangement of section [3] into an entirely symplectic and 
very compact fashion. In section 01 we illustrate the utility of the same for rewriting 
the 4D scalar potentials of two concrete well-known examples of Type IIB superstring 
compactihcations T®/(Z 2 x Z 2 ) and T®/Z 4 orientfolds. Finally, in section [61 we provide 
an overall conclusion followed by an appendix of additional useful symplectic relations. 

2 Preliminaries 

Let us consider Type IIB superstring theory compactihed on an orientifold of a Calabi- 
Yau threefold X. 

2.1 Splitting of various cohomologies under orientifold action 

The admissible orientifold projections can be classihed by their action on the Kahler 
form J and the holomorphic three-form of the Calabi-Yau, given as under [53] : 

a*{J) = J, a*{Q3) = ^3, 

: a*{J) = J, a*{ns) = -ns, 

where Qp is the world-sheet parity, is the left-moving space-time fermion number, 
and cr is a holomorphic, isometric involution. The hrst choice leads to orientifold with 
05/09-planes whereas the second choice to 03/07-planes. The massless states in the 
four dimensional ehective theory are in one-to-one correspondence with harmonic forms 
which are either even or odd under the action of a, and these do generate the equivariant 
cohomology groups Let us hx our conventions as those of [07], and denote 

the bases of even/odd two-forms as (/Iq,, z/^) while four-forms as (/i„, z>a) where a G 
h^^{X), a G h]l^{X) 0. Also, we denote the zero- and six- even forms as 1 and $6 
respectively. The dehnitions of integration over the intersection of various cohomology 

^For explicit construction of some type-IIB toroidal/CY orientifold examples with odd-axions, see 

[531 [551 [551 [571 [551 [53] . 
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bases are, 


[ ^6 = f, [ = d£, [ z/„ A (2) 

Jx Jx Jx 

I f^a f^-y ^0/97) / /^o ^ A r'ft ^oaft 

Jx Jx 

Note that if four-form basis is appropriately chosen to be dual of the two-form basis, 
one will of course have d£ = and dj^ = 5^. However for the present work, we 
follow the conventions of m, and take the generic case. Considering the bases for the 
even/odd cohomologies H^{X) of three-forms as symplectic pairs {aK,b'^) and 
respectively, we hx the normalization as under. 


[ aKAb^ = SK-^, [ AaAB^ = 6a^ (3) 

Jx Jx 

Here, for the orientifold choice with 03/07-planes, K G {1,..., h^+} and A G {0,..., 
while for 05/09-planes, one has K G {0, and A G 

Now, the various held ingredients can be expanded in appropriate bases of the equiv- 
ariant cohomologies. For example, the Kahler form J, the two-forms H 2 , O 2 and the R-R 
four-form O 4 can be expanded as j33] 

J = O yn„, B 2 = 5“ Pa, O 2 = c“ Pa (4) 

O 4 = A /i„ + A ax + Ox A 5^ + 


where is string-frame two-cycle volume moduli, while 6 “, c“ and pa are various axions. 
Further, (R^, Ox) forms a dual pair of space-time one-forms and Og is a space-time 
two-form dual to the scalar held pa- Also, since a* rehects the holomorphic three-form 
fls, we have h‘^_l^{X) complex structure moduli appearing as complex scalars. Now, 
we consider a complex multi-form of even degree dehned as [ 60 ] . 

^even ^ ^ f e-^Re(e^^+*( 5 ) 

= T + Pa + Ta , 


which suggests the following forms for the Einstein-frame chiral variables appearing in 
A^ = 1 4D-ehective theory. 


r = Co+ie-^, G^ = A + Tb^, 
Ta= ipa + kaabd^b'" + Kaabb’" b’’ 




tH\ 


( 6 ) 


where = {d~^)^ kspy and kaab = {d~^)^ ksab- R is worth to mention that as compared 
to chiral variables dehned in [03], we have rescaled our Tq, by a factor of 2/(3i) along 
with a sign hip in NS-NS axion 5“. 
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2.2 Four dimensional effective scalar potential 

The dynamics of low energy effective supergravity action is encoded in three build¬ 
ing blocks; namely a Kahler potential {K), a holomorphic superpotential {W) and a 
holomorphic gauge kinetic function (Q) written in terms of appropriate chiral variables. 
Subsequently, the total iV = 1 scalar potential can be computed from various F/D-teim 
contributions via 

V = (^K^WiW DjW - 3 \W\^^+^{Re DjDk- 

Let us provide some details on the basic ingredients needed to generate the scalar po¬ 
tential V. 

Kahler potential (K) and moduli space metrices 

Using appropriate chiral variables, a generic form of the tree level Kahler potential can 
be written as a sum of two pieces motivated from their underlying N = 2 special Kahler 
and quaternionic structure, and the same is give as under, 

K := Kcs + Kq, where (7) 

Kcs ^ j ^3 A ^ 3 ^ , Kg = - In (-i(r - r)) - 2 In Ve ■ 

Here, the involutively-odd holomorphic three-form generically depends on the complex 
structure moduli (z^) and can be written out in terms of period vectors, 

Qs = ( 8 ) 

via using a genetic tree level pre-potential as under, 

F = {Xy /(U), /(U) = ^ hjk A z^ + ^ hj A z^ + /, U + ^ /o (9) 

where special coordinates U = are used, and kjk are triple intersection numbers 

on the Mirror Calabi Yau. Further, the quantities kj^k are real numbers while Iq is a 
pure imaginary number pTl 1^ . In general, f{z'') will have an inhnite series of non- 
perturbative contributions (say Jinst.(Y)), however for the current purpose, we are as¬ 
suming the large complex structure limit to suppress the same. Now, the overall internal 
volume Ve in the Einstein frame can be generically written in terms of two-cycle volume 
moduli as below, 

Ve = ^/Ca/37 K (10) 

The well known fact which can be seen from the structure of the Kahler potential ([7]) is 
that the total moduli space metric is block diagonal with one block corresponding to the 
complex structure moduli while the other one involving Kahler moduli, odd-axions and 
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axion-dilaton. So the scalar potential computations via utilizing Kahler derivatives and 
metrices gets much simplihed. 

One should represent Ve in terms of chiral variables (r, T^) as dehend in eqn. (E]) 

for computing the moduli space Kahler metrices, and for doing this, one needs to invert 
the expression of T^. Though it is not possible to do it for a general CY orientifold 
compactihcation, nevertheless one can still represent the Kahler matrix components into 
another suitable form involving two cycle volume moduli (f"), the dilaton (s), NS-NS B 2 
axion (6“) and triple intersection numbers and k^ah) [S3]- For the present work, 

let us just recollect the relevant Kahler derivatives along with the inverse Kahler metric 
components as under, 

Kr = ^{l + 2sgahh^h^) =-Kr (11) 

^ s 

Kg^ = -2tgabb^ = Kt^ = 

fco 

and 


= = = 2s^ k^abh''h\ (12) 

g'’ ^^gab ^^^2 ^a^b^ G“ _ ^ gab ^ 2 

^ fco ^a/3 + S kaacb"" kfjbdb'^ + kaabb%'' kfjcdJfb'^, 

y 

where Gafi = Ga'fi' {d Also, for writing Kahler metric we have used 

kaab = {d~^)a^ki 3 ab aloug with the following short hand notations for Q and compo¬ 
nents. 


3 f kai3 3 kakfs'^ 2 - 

=-2 Vh - 2 -i^) ’ ^ 

g“’ ^~^hk‘|’ + 2t‘t^ = 

3 2 ko 


(13) 


Moreover we have introduced fco = 6 Ve = kat^, ka = fca /3 = kap-ft'^ and kab = 

kaabt'^- Let us mention that apart from a slight difference in the dehnition of chiral 
variables ([6|), due to the presence of and d^ matrices, there is a further slight change 
in the expressions of various components of inverse Kahler metric as compared to the 
ones given in [S3] . One can show that the dependence on these d-matrices can be picked 
up via considering the fact that scales with d^ as can be anticipated directly 

from 6Ve ■= kap^f^ B ds°‘){Kai 3 ^t^ B). Taking these into account, one hnds 

that. 
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a/3 



kpt - ^ ^0 K'p' ^ {d 
K/3 -AVe (d"^)a“' ka'p' (d"^)/3^') 


( 14 ) 
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Note that one often uses orientifold constructions such that da^ = 5a^ and dj’ = Sj’, 
and so one will not need to take care of these extra normalizations, however in cases 
otherwise, e.g. in the second example ‘Example B’, the same is important as we will see 
later. 

Non-geometric flux superpotential (W) 

Turning on various fluxes on the internal background induces a non-trivial flux super¬ 
potential 110]. To construct a generic form of the superpotential, one has to under¬ 
stand the splitting of various geometric as well as non-geometric fluxes into the suit¬ 
able orientifold even/odd bases. Moreover, it is important to note that in a given 
setup, all flux-components will not be generically allowed under the full orietifold ac¬ 
tion O = For example, only geometric flux u and non-geometric flux R 

remain invariant under while the standard fluxes {F,H) and non-geometric 

flux (Q) are anti-invariant [151 H?]. Therefore, under the full orientifold action, we can 
only have the following flux-components 

F={Fa,F^),H= {Ha, H^),u= (o;/, a;,A, u^^k) , 

R = {Rk, R^), Q= Q“a) , (15) 

For writing a general flux-superpotential, one needs to dehne a twisted differential oper¬ 
ator, T) involving the actions from all the NS-NS (non-)geometric fluxes as |47j . 

V = d + H/\.+uj<\. + Q\>. + R* . (16) 

The action of operator <,> and • on a p-form changes it into a (p -|- 1), (p — 1) and 
(p — 3)-form respectively. Considering various flux-actions on the different even/odd 
bases to result in even/odd three-forms, we have [Hj, 

H = H^Aa + Ha F = F^Aa + Fa 
CUa = (cn < Va) = UJa^ A A + UJaAB^, 

= (g > /i“) = Q'^^Aa + Q^aB^ (17) 

g“ = (g > h“) = aK + 

i? • $ = R^aK + Rxb^ . 

The hrst three lines involve flux components counted via ‘odd-index’ A G while 

the later three have ‘even-index’ K G Using dehnitions in flTTIl . we have the 

following additional useful non-trivial actions of fluxes on various 3-form even/odd basis 
elements m. 

H ^AA 
U < A A '■ 

g ^ A A 
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■T^Ha <1>6, 


H AB^ = f-^H^ $6 
uj<B^= (d-^) J 

Q>B^= (d-^) J fi0, 


( 18 ) 


and 


R»b^ = /-' 1 

oj<b^ = (d-^ 




R • Ur — — f ^ Rk 1, 

u:<aK = -{d~^^ ^CjpKjl^, 

Q>aK = - (d-i)^ Ub, Q>b^= {d-^)J V,. 

With these ingredients in hand, a generic form of flux superpotential is as under, 


/ 

F + 

A D 3 — — f 

F + tH+ UaG’^F 

Jx 


3 Jx 

. 


W = - 

This generic flux superpotential W can be equivalently written as, 

W = eA + 

where 


Afis- (19) 


( 20 ) 


Ca — Ta + T Hx + CJaA + Q'^A Tq, (21) 

= F^ + rH^ + Ua^ G^ + Q^^T^. 

Using the superpotential ([20]), one can compute the various derivatives with respect to 
chiral variables, r, and Tq, as followings, 

Wr = + Wr = 

Wg<^ = ^ak R A., hUg“ = CUqA R + R A 

fhr. = Q“a *^A, = Q“a • (22 ) 

Note that, only to a and Q“ components are allowed by the choice of involution to con¬ 
tribute into the superpotential, and in order to turn-on the non-geometric i?-fluxes, one 
has to induce D-terms via implementing a non-trivial even sector of hf^’^(X)-cohomology 
imisaEiiisn]. However, for the cases with homomorphic involutions with h?y{GY/0) = 
0, which one often adopts in moduli stabilization and subsequent phenomenological pur¬ 
poses, no such D-terms involving non-geometric i?-flux will be induced. 


The D-terms {Dr, D^) 

In the presence of a non-trivial sector of even (2,l)-cohomology, i.e. for h^^{X) ^ 0, there 
are additional D-term contributions to the four dimensional scalar potential. Following 
the strategy of m, the same can be determined via considering the following gauge 
transformations of RR potentials Grr = Gq + G 2 + U 4 , 

Grr —> Grr + V{\^Qr + \Rb^) (23) 

D {Go - /-^RrX^ + f-^R^Xx) + (c" - {d-\’’Q\X^ + (d-')a'Q“'"A^) u, 

+ - {d~^)JdJl3RX^ + {d~^)JuJi3^XR'^ 
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Recollection of various pieces suggests the following two D-terms being generated by the 
gauge transformations, 


Dr = -i 


f-^RK (drK) + (daK) + K) 


( 24 ) 


= i 


f-^R^ (drK) + {daK) + {d-^)a^UJfS^ K) 


T-lN a/^bK 




Now using the expressions for tree level Kahler derivatives flTT]) . one hnds 
1 


Dk = 


= 


2sVe 

1 


^ {ve - + s (d-'yqf’K - s i“ 


( 25 ) 


?K 


2sVe\T “ l^o^abm^) + S Karh- - S t“ 


2.3 New generalized flux orbits 

A closer investigation of the symplectic vectors (ca, m^) and {Dr, D^), which are respon¬ 
sible for generating F-term and F-term contributions to the scalar potential, suggests 
for dehning peculiar flux combination as new generalized flux orbits [52l [51]. The flux 
orbits in NS-NS sector with orientifold odd-indices k G are given as, 

Ha = + a;aA + g“A Q k^ab 

+ cn/ W + Q ko^ab ( 26 ) 

baA = UJaA + A {kaab b^) , {kaab b^) 

q“a = g“A, Q“^ = g“^ 

while the flux components of even-index K G h?^[X) are given as, 

boX = djaR — {d~^)b°'Q^R (jcaacb^^ + f~^ Rr (^kaabb°' b^ 

- {d-^V Q'"" {Lac b'^) + /■' R^ Qfcaab (27) 

Q^k = Q^k + /■' dfl {Rr . &'), Q'*'" = + /-' dfl {R^ . 6'), 

Rr = Rr, R^ = R^ . 

In the hrst set of orbits fl26ll . we have used kaab = {d~^)a Lab- Now, the RR three-form 
flux orbits are generalized in the following form. 

Fa = Fa + ^aA + Q°^A {pa + kaabC°‘L) + CqEIa, (28) 

+ a;/ c“ + g“^ (p„ + kaabC%’^) + co 
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Using these flux orbits along with the deflnitions of chiral variables in eqn. (|6]), the 
symplectic vectors and {Dk,D^) are compactly written as under, 


ca = Fa + i (sHa) - i (^Q“a o'a) , 

m^=¥^ + t - i , 


and 


Dk = 


2sVf 


f-^RKVE-SrU^K 
1 


= 


2sVe 


f-^R^VE-sr U 


Q 7 ^ K 

OL 


(29) 


(30) 


where the symbol (Jq, represents Einstein-frame four-cycle volume given as: a a 


Ka0-yt^R. 


3 Rearrangement of scalar potential: Step 1 

Here we provide a detailed computation of the iV = 1 four dimensional effective scalar po¬ 
tential for the type IIB superstring theory compactifled on a Calabi Yau orientifold. Our 
aim is to perform the most genetric tree level analysis with arbitrary number of moduli 
and axions, i.e. for h^_^^{CY/0) number of complexified Kdhler moduli Ta, hfl^{CY/0) 
number of complexified odd-axions as well as h^_l^{CY/0) number of complex struc¬ 
ture moduli zb In the process of doing the taxonomy of various pieces of F-term scalar 
potential, we will utilize new generalized flux orbits fl26|l - fl28|) which has been proposed 
in [311 ini IS21 El] in a series of iterative attempts. 

3.1 Using first set of symplectic relations 

Let us start with the scalar potential analysis via considering the following splitting of 
pieces coming from generic N = 1 F-term contribution, 

e-^ Up = (D^W) (D^W) - 3|lUp = U, + U, • (31) 

Here we have separated the complex structure and rest of the moduli dependent piece 
as facilitated by the block diagonal form of Kahler metric in these two sectors, and 

Ue, = {D,W) (DjW), Vk = {DaW) {D^W) - 3|hU|2 (32) 

The indices (f, j) corresponds to complex structure moduli z®’s while the other indices 
{A,B) are counted in rest of the chiral variables {r, G“,T„}. Now the plan is to rewrite 
the F-term scalar potential into various pieces which could be expressed in terms of com¬ 
ponents of period-matrix, and we will do it in three parts. 
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Part 1: 


In the first step of simplification, we use the following symplectic identity [5B] . 

(D-^) = (33) 

2 

where the period matrix M for the involutively odd (2,l)-cohomology sector is dehned 
as under, 


A/aa — ^ AA + 2 i 


. /m(JAr) (Jmj-SA) 




(34) 


Using period matrix components, one can introduce the following dehnitions of the new- 
matrices (Ad) for computing the hodge star of various odd-three forms [38], 


— Ad^^ vd-s -l- Ad AS and 

*B'' = A1“AE + Aiy 


(35) 


where we also dehne the following useful components to be heavily utilized in the present 
work. 


Ad^^ = ReA^Ar ImAA^^ (36) 

M\ = - 

Maa = — ImA/” A A — ReA/’As huA/'^’" ReA/'rA 

Now, we can split the piece Vcs into two parts as follows 

K, = (D,W) (DjW) = , (37) 


where the two pieces are further simplihed as, 
1 


Xcsi 2 ^ 
1 

“ ~2^ 


-K,. 


-K,. 


(ca + m^ATsA) ImA/'"'-^ (ca + m^UvA) (38) 

(ca Ad^^ ca — ba Ad\ Ad^^ mA — Maa 


+ 2"^ 

h,;> + nS. 


{eAm^ — e-A 


and 


ycs2 = - (ca + rnMN’^.h) {x^X^^ (ca + m’^A/'rA) (39) 

= -Ca (X^X^) Ca - (TaX^) ca - ca (X^Xa) (XaXa) 

= - (ca X^ + Ta) (ca X^ + Xa) 
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where in the last line of Vcs 2 , an exchange of indices A 0 A has been ntilized. The 
reason for this splitting is the fact that the second piece of Vcsi is nnllihed via using a set 
of tadpole conditions and NS-NS Binachi identities. This point will be detailed later on 
when we will see the explicit expressions of ca and written in terms of NS-NS and 
RR generalized flux orbits. 

Part 2: 

Now, we take the piece I 4 of the scalar potential ([32]), and consider a taxonomy of pieces 
recollected as under 

((Ka W) + Wa {KbW)) (40) 

Using the derivatives of Kahler potential flTT|l and inverse Kahler metric flT^ . one hnds 
the following useful relations. 


Ka = (r - r) = 

Ka = (G“ - G“) = K^ (41) 

Ka = (T„ - T„) = -K^°‘'^K-b 

using which, one gets the well known no-scale relation, 

Ka K-b = 4:. (42) 

This simplihes the piece 14 as under 

Vu=\W\^ + {{Ka kU) Wb + Wa (K^W)) + (r^^ Wa (43) 

A closer investigation of the second pieces shows that, 

K^'^ {{Ka W) W-b + Wa {K^W}) = {t-t) {WW- - W W^) 

+(G“ - G“) (1UFg“ - W 1Ug“) + (T„ - T„) {WWb^ -WWt^) 

= -2|1U|2 + 1U (^eAR^ + m^^A)+iU (cAR^ + m^JA) (44) 

Here in simplifying the last step, we have used the fact that superpotential fl20|) is a 
linear function in chiral variables r, and which results in following relations, 

TWr + C^ Wg^ +T^Wt^ = W- {FaX^ + F^Fa) (45) 

tWt + + Ta Wb^ = W- (^FaX^ + F^Ta) 

This follows directly from derivatives of superpotential given in eqn. fl22D . 
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Part: 3 

After observing eqn. (jS]), we find that the first two (of the three) pieces of i4 given in 
eqn. fH3|l can be recombined with Vcs 2 - Now we can have a new rearrangement of the 
total F-term scalar potential into three pieces as nnder, 

e-^ Vf = Pi + 1/2 + P 3 (46) 

where we consider a new collection of pieces given as under, 

Pi := Pcsi (47) 

P 2 :=Pc. 2 + 3|lPp) ((Ka W) + Wa (K^W)) 

P 3 :=K^^WaW-s 

Now, using the simplification results from Part: 1 and Part: 2, we try to rewrite 
these three pieces Pi, P 2 and V 3 of the scalar potential in terms of new generalized flux 
combinations. The reason for such a collection will be clearer as we proceed in this 
section. 


3.2 Using new generalized flux orbits 

Rewriting Pi using generalized flux orbits: 

After a detailed investigation of pieces within Pi = Pc^i = + Pj^f^ given in eqn. fl38|) 

and using new generalized flux orbits fl26|) - fl^ . we And that first piece of simplified P;si 
takes the form. 


p^V 

^ csl 



(Fa Fa - Fa M\ F^ + F^ A4a^ Fa - F^ Maa F^) 


(48) 


+s^ (Ha Ha - Ha M\ H^ + H^ Ha - H^ Maa H^) 


+ (Qa M^^ Qa - Qa M\ At/ Qa - Maa Q^) 

-2 s (Ma M^^ Qa - Ha M\ Q^ + H^ M^^ Qa - H^ Maa Q^) 


and the second piece can be further rearranged as under. 


p( 2 ) = - e 
Psi 2 


-ATc, 


(eAm 
1 


2 ® 


-A-c, 


ca m-) 

2 s (Fa H^ - F^ Ha) - 2 (Fa - F 


(49) 


lA 


where Qa := Q^acio and Q^ := Q“^cTq, have been utilized in these expressions. The 
piece fH9|l combines various NS-NS and RR-Bianchi identities and can be considered as 
generalized RR Tadpoles |l9l [52], and these have to vanish by adding local sources. 
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Rewriting V 2 using generalized flux orbits: 

As a next step, we consider the second piece V 2 which using the results of Part: 2 
simplihes as under 


^2 := K.2 + - 3|lPp) + {{KaW) + Wa (^bW)) 

= (CA - eA)Re(A^:Y^)(eA - ca) + (ca - eA)Re(A^7A)(m^ - m^) 

— m^)i?e(-FAA’^)(eA — ca) + — m^)Re(J^AJ^A)('m^ — m^) (50) 

Now, the eqn. fl50|) can be re-expressed using generalized flux orbits as. 


^2 


= 4 Re{X^X^) 
+4 Re{X^y^) 
+4 Re{RAX^) 
+4 Re^R/iR a) 


—s^ Ha Ha -I- s Ha Qa + s Ha Qa ~ Qa Qa 
- s^ Ha H^ + s Ha + s H^ Qa - Qa Q^ 
-s^H^Ha+ sH^Qa+ sHaQ^-Q'^Qa 
- s^H^H^A sH^Q^A sH^Q^-Q'^Q^ 


(51) 


Rewriting V 3 using generalized flux orbits: 

We consider the third collection of piece V 3 which is given as: 


1/3 ;= Wa 


Ha Ha A UaA oo^a + Q“a Q^a 

+Ha WaA + ojaA Ha A Ha Q^a + Q“a Ha 
AQ“a U;aA + OJaA a 

A, 


+X^Ra\ 


(52) 


RkX 


A RaR a[' 


Using generalized flux combinations and Kahler metric components, we And the following 
rearrangement in V 3 , 


1/3 = 4 Re{X^X 


A4 Re{X^RA) 


A4 Re{RAX^] 


A4 Re{R aR a) 


Ha Ha A I ^Aa U^a + y Qa Gap Q^a 


5 ^ Ha H^ A ^ OAa 6 ^“' Qa Oa 0 Q 


kl 




4 


s^H^Ha + 


A /^a6 ' 


( 53 ) 


0 /n\Aa 


9 


s2 i Ub^ A — Q^“ 

4 9 
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One should observe that in the case when only and fluxes are present, the whole 
contribution of type is already embedded into Vcsi [IDlllI], and hence a cancellation 
of pure H-flux pieces of V 2 and V 3 is anticipated, and we have 


V2 + V3 = ARe{X^X ) 


s „„ „„ 1 


2 sHa Qa + ^ ^Aa hif, A + ~ Qa Q^A . g 


4 /cq ~ 

4 Cq, (Tp 


FAReiX^FA) 2 5 Ha ^ OAa ^ Qa 


AkI 


Gafi 4 (Jqi (Tj^ 


+ARe{FAX ) 
+4 Re{F\F a) 


2sH^QA + |hi\6;“'OfeA + ^ Q^^Q^'a -4a„a;3 

2sH-'Q'^ + iu\e“‘i;j^ + i Q“-'Q“ -4<T„<Tp 


(54) 


3.3 Summary of first rearrangement 

As a summary at this stage, we have the following scalar potential rearrangement, 
14ff = — X e 


AT-ATc, 


Mhih — — - e 


K-Kc 




K-Kc. 


Fa Fa - Fa M\ F^ + F^^ Fa - Maa F 

(Ha Ha - Ha M\ H^ + H^ Ha - H^ Maa H^) 

(-2)s (FaH^-F^Ha) 


(55) 


1 

2 

1 


4"fo = -^ (+2) ( Fa Q^ - F^ Qa 


(-2) s I (UaM^^ Qa - Ha M\Q^ + H^At/ Qa - H^ Maa Q^ 
+ 8 (ma Re{X^X^) Qa + Ha Re{X^TA) Q^ 

+ H^ Re{FAX^) Qa + H^ i?e(A aAa) Q"^ 

K-K.S \^_2)se^-g^^ !^l3AaRe{X^x'^)UbA+ ^Aa Re{X^TA)Ub 
He(A aA^) UtA + i?e(A aAa) 

Qa M^^ Qa - Qa M\ Q^ + Q^ M^^ Qa-Q^M 


Vuu — “2 6 


V- ~ - 
'^QQ - 2 


lAA ' 


- 2 e 


ATc, 


Akl 


9 




- 4 M QX Re{X^X ) Q^a + Qa Re{X^FA 


Re{FAX^) Q^a + Q“^ Re{FAFA) Q^^ 
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4 Rearrangement of scalar potential: Step 2 

In this section we will provide three sets of equivalent symplectic representations of the 
F-term scalar potential taking a next step to our hrst rearrangement in eqn. fl55|l . For 
that purpose, let us hrst present a couple of very important symplectic identities. 


4.1 Invoking a set of important symplectic identities 

We hnd that the following interesting and very analogous relation as compared to the 
dehnition of period matrix fl34p holds, 


-Faa = 1^. 


AA 


2i 


. Jm(A/Ar) {ImN’T.A) 




(56) 


Moreover, similar to the dehnition of the period matrices 
set of symplectic quantities as under. 


, one can dehne another 


= ImF^^ 

= ReFAr ImF^^ (57) 

C\ = - 

Faa = —ImFAA — ReFAs ImF^'" ReFpA 


Now we will use these two sets of matrices At and C as building blocks and will dehne 
some new combinations of the same which will be useful for our scalar potential rear¬ 
rangement purpose. In this context, we dehne three new sets of symplectic quantities 
Ati, At 2 and Ats as under, 

AliA^ = AtA^+ Fa^ (58) 

M,\ = M\ + C\ 

AtiAA = -M-AA + ^AA 


+ 2 

= + (59) 

— — (viy+2 

Xi2AA = ~ (FIaA + 2 Caa) 

At 3 ^^ = + (At^s + At^^ 

-^ 3 a^ = + (Mae + AtA^ - 5 a^ 

At3\ = -(At\£^A + At^^/:sA)+5\ (60) 

MzaA = ~ (AtAS CPA + AtA^ >Csa) 
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Apart from these defining equations 05811601) . there are some more relations among 
A4i,A42 and Ms which we will present in the appendix Now the most important 
relation which will serve as a bridging segment for the symplectic rearrangement of the 
scalar potential is given as under 1^, 

4 Rei^AX^) = - Mia^ (61) 

4e^“ ReiX^T^) = +Afi\ 

4 Re{J- aJ- a) = X Mia/s. 

We have checked eqn. fl6T]) for h_ {CY) = 0,1, 2 and 3 using pre-potential given in eqn. 

(1^ . As the computations involve inverting complicated matrices of order + 1), for 
h^J^iCY) > 4, it gets too huge to verify the identities, however we expect the same to 
be generically true for an arbitrary number of complex structure moduli. 


4.2 Symplectic rearrangements 


As we have many symplectic identities with many quantities such as and Adds, 

this will result in more than one equivalent rearrangements of the scalar potential. In 
order to prefer one over the other, let us try to hgure out some points as guidelines for 
our rearrangement. 


Considering the moduli space metrices given in eqn. flT^ we hnd that. 


O 


(62) 


Xa 


0.(3 


4(T«(T^^ = ~ ko {d ka'i3' {d = -AVe {d k^'/s' {d 


where ko = 6 Ve has been used. From eqn. fl55|) . this shows that coefficient of the 
pieces with Re{X^X ), Re^X^R^) etc. in both Vhy as well as V^q are similar, 
and so may be clubbed in a similar manner in the rearrangement. 


• Apart from the hrst choice mention above, we also observe that (cToCT^) contribu- 
tions in QQ piece via ( Qaji — A da o'/s) factor can be clubbed with the other one 

to look similar as + 8 Re{X^X^)^ etc. which is similar to the only 

piece of HQ type. This appears to be a better one as then, one piece of both of 
QQ and 00 can be written with h^A ffux-indices being contracted by the even/odd 
sector metrics Qa/s and 

Here we note that the hrst four pieces of collection fl55l) are already in desired form as 
those are already written in the ‘suitable’ symplectic forms as we will see later. Now 
using relations (I5B]) . fl55D - (l6UD . and considering the points above we can rearrange the 
^QQ pieces of eqn. (15^ in the following three representations, 

®The first equation of (IHTll can be also obtained by comparing eqns. (11) and (27) of [3H]j and this 
has motivated us to define what we call our C matrices and invoke for its three other components. 
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Representation-I: Using A4 and M.i matrices 


UhtA - 


2 ® 


K-K^ 


(-2) s (mj, Qa - Ha (M\ -2MA) 

+e^ (AtA^-2-MiA^) Qa-H^ (Maa-2Miaa) Q 


Vm — 


2® 


K-Kc. 


(-2 Vj, s) [UaAMi^^ U,A - UaA -Ml\ 
+ ij/ OfcA - -MiAA 

-2Ve (d-X^' {dX/') 


Vaa — 


^K-Kc 


( 63 ) 




+Q“^ Mia^ Q^a - Q“^ Miaa 


.A'-A'c 


Qa Qa - Qa M\ Q^ + Q^^ Qa - Q^^ Maa 


A AA , AA A ^ A , 


Representation-II: Using Ai and M .2 matrices 


UjtA 


2^ 


K-K^. 


(—2) s ( Ha M. 2 ^^ Qa ~ Ha ■M .2 a v 

+H^ M2!^ Qa - M2AA Q^ 


Vi5i5 — 


— e 
2 


K-K^. 


sx ^aA 0,A - 0„A M\ O, 


<AA 


A 7 r A 


+0/ Ma^ U,a - Ua^ Maa 


^K-Kc. 


{sVEkXx {UaAM2^^UbA-UaAM2\Ut 


A 7r A 


(64) 


+0/ M2a^ UbA - 0/ M2AA X 


Uaa = 


2^ 


K-K^. 


1 /4fc2 


4 V 9 


0 ^ 

y. 


Q.^ 


X 


0% -Q“a-M 


AJ^l A 


+Q“^A4/Q^a-Q"^-M 


AA 


— e 
2 




Vi, (d-')„“' k^,p> (d-i)/') ( Qa M2^^ Qa - Qa -M 2 A Q" 


+Q^-M2a^ 


tM 


2AA ' 
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Representation-Ill: Using A4 and Ms matrices 






(-2)s { HaM 


<AA 




H'^Maa' 


+ 2 ( Ha Qa - Ha M\ + H^^ Qa - H^^ Maa Q 


4A 


■A 


itA 


Vuu — 


'2 ^ 


A'-A'c 


I ( 0,A 13,A - l3aA M\ 13, 


+Ua^M^^U,A-l3a^MAAl3, 


A 


Vaa = 


K-Kc 


Qa Qa - Qa M\ Q^ + Q^ Qa - Q^ Maa ' 


<A oA 


■- e 
2 

-4cT^CT^j (Q\M^^Q^a-Q\M\Q^^ 


+ Q“^ TWa^ Q^a - Q“^ Maa , 

where eqn. 01161) has been utilized for this representation via dehning Oa and Q" as 
under, 


0a = - (M3^^l3aA + Ms^A^a^) «E + (-MsE^^aA + -MsEA^a^) (65) 

Q“ = - (tUs^^QV + -M3^aQ“^) «E + (-M3E^Q“a + -M3eaQ“^) 

There is a bit of abuse of notation as different quantities are denoted with similar (how¬ 
ever not the same) notations; e.g. O, O, Q as well as Q and Q are different. 


4.3 Adding D-term contributions 


As we have mentioned earlier, if the choice of homolorphic involution is such that one 
can have h‘^f^{CY) ^ 0, then additional contributions to the effective scalar potential are 
introduced via D-terms written in new generalized flux orbits as under [521 EQ], 


Dk = 


1 

2sVe 


f-^RKVE-sri3^K 




1 

2sVe 


f-^R^VE-sr 13 


Now similar to the period matrices M of involutively odd (2,l)-cohomology sector, follow¬ 
ing from the underlying N = 2 symplectic structure, one can introduce similar matrices 
for the disjoint even sector as under, 

jCi-^^ = IniA/"'^^, Mj^ = ReTV'j/ (66) 

M^k = - {M/f 

.Mjk — —InxVjA' — ReA/'j/ ImA/" ReJ\f lk 
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Also, as the gauge kinetic function Q are given as [60], 


QjK — ( 


( 67 ) 


at (z^=0=z^) 


where JV is the period matrix on the even (2,l)-cohomology sector similar to flM|) . Us¬ 
ing these ingredients one hnds the D-term contributions to the four dimensional scalar 
potential as under. 


d"’ = + Vm) + n 


( 68 ) 


where 


K-Kc. 


V. . =_p 

2 

V - - 


Uk - Mjk (69) 

(-2Ve) ( Rj Uk - RjM-^k Ur - R-^ Mjk 


Mrk — —- e 


K-Kc. 


V2 


X 


IjM^'^Rr-RjM-'kR^ 




Here Ox = and O^ = We also mention that total D-term is positive 

dehnite and can be written as —^jr Jqys ^ ^ ^ ~ D^qr + Dr})^. 


4.4 Summary of final symplectic form 


The good thing about presenting several symplectic arrangements via introducing sym¬ 
plectic matrices {M,M and Mi^s) is the fact that now one can express various pieces 
either as Oi A *02 or Oi A O 2 form. For example, considering the third representation, 
we can express the full scalar potential as. 


Ueff = 


2 ® 


K-Kc 


'CY3 

S 


F A *F -|- El A *]HI -|- Q A *Q — 2 s El A *(! 


-45HA*Q + ^^?“'0„A*0, + ^ A 

- - 

H— — M A iM -|- s O A *0 — 2 Vr IK. A *0 -|-2sFAEI — 2FA(I 
s 


(70) 


where * and * denote the Hodge star operations in the even/odd (2,l)-cohomology sec¬ 
tor. Here while introducing the integral sign, we have assumed that fluxes are constant 
parameters, and so M matrices have been simply replaced by their respective integral 
forms. The last two pieces with F A H and FAQ terms are nullihed via a combination of 
NS-NS and RR Bianchi identities. In order words, the same can be nullihed by adding 
contributions from local sources such as branes/orientifold planes. The same can be 
expressed as additional ‘generalized’ D3/D7 contributions given as under 

Vi"’ = -Vb, - (71) 
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f2) 

Note that in addition to the actual RR tadpole constraints, setting the above to 
zero will need the following (subset of) NS-NS Bianchi identities obtained via demanding 
the nillpotency of the twisted differential operator as = 0 m. 

= 0, u;/ - Uak = 0 (72) 

= 0, CUa'^CUfeA - U}b^(^ak = 0, UJaAQ^"^ “ = 0 

Cj^k - RkCjJ^ = 0 , RkQ'^^ - R^ = 0 

<^a^<^/3K — <^l3^<^aK = 0 , Q°'^K “ Q'^K = 0 , Q°'^!^aK “ K^a — 0 

Finally, using generic tree level Kahler potential in eqn. (IT]), we get \ i , and 

Z S Ve 

subsequently the total scalar potential takes a hnal form as under. 


Kff = 


F A *F + El A *]HI + Q A *Q — 2 s El A 


JcYs L 

H —— M. A ilR. + s 75 A *75 — 2 Ve IK. A *75 
s 


4cT«a^ Q“A*Q^ (73) 


It appears to be quite remarkable that the total F/D-term scalar potential of arbitrary 
number of complex structure moduli, Kahler moduli and odd-axions has been written out 
so compactly in terms of symplectic ingredients along with the moduli space metrices, 
and also without the need of knowing the Calabi Yau metric. 


4.5 Towards the ten-dimensional uplift of the symplectic rear¬ 
rangement of the scalar potential 


So far our aim has been only to rearrange the 4D effective scalar potential which has been 
derived using a generalized version of the GVW flux superpotential. As an evidence that 
the collection of various 4D scalar potential pieces, written in terms of new generalized 
flux orbits, can indeed be derived from the dimensional reduction of a ten-dimensional 
theory, now we connect the various pieces of our symplectic formulation with those 
obtained from the reduction of Double Field Theory (DFT) on a Calabi Yau orientifold 
1^ [501 . Although for details on the later, we refer the readers to [50], we hereby collect 
the relevant results needed to establish the connection with our approach. The DFT 
Lagrangian on a Calabi Yau threefold can be given as the sum of following two pieces. 


*Lrr — 
*Lns ns = 


--0 A*0 


_e-20 


^XA*x + ^TA*T 


Ay) A* (DAy 



A * 



(74) 


®We thank the referee for suggesting us to comment on the ten-dimensional origin of our symplectic 
rearrangement of the 4D scalar potential. 
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where 


• The N = 2 string-frame dehnition of the flux combination x (in our conventions) 
can be given as, 




H -|- < {iJ) -l- Q > 


/ (V)A(V) ^ 


/ (v)A(n)A(v) \ 


where similar to the previously dehned twisted differential operator D, a new op¬ 
erator S) = (i-|-]H[A.-|- b5<.-|- have been introduced to incorporate 

the effects of i? 2 -field such that, 


Bo A Bo 

'E. = H + u)<B2 + Q> ( -^- I -I-. 


B 2 A B 2 A B 2 
6 


etc. (76) 


• The second flux combination T is dehned as, 

T=2)fi = HAfi + U<fi + Q>fi + R«fi (77) 


• The generalized RR three form held strength 0 is given as, 

0 = F + 2)C = F + eA + O < + Q > + M • (78) 

where RR-form C = + ... 

Now, we will investigate the four types of terms in L^sns and Lrr to connect with 
those of ours. Note that, as we have already converted the total scalar potential into 
real moduli/axions (and the hnal collection does not use the chiral superhelds), so we 
can directly check the connection by simply considering the orientifold projected version 
of various terms in L^sns and Lrr. 


Matching the RR sector: 

As a very hrst observation, let us recall that in our approach the generalized RR held 
strength is as given in eqn. fl28|l . 

Fa = Ra + ^aA c“ + Q“a {Pa + l^aabC^b^) + Cq Ha; 

+ cn/ c“ + (p„ + k^abc%’^) + co 

Thus noting from orbit collection in eqn. fl26|) that UaA = ^aA + Q“a kaabC°'h^ and 
= + k^abh\ we have the hrst identihcation from eqn. 0781) and eqn. 028p . 

0 = F. (79) 


This identihes the RR sectors of the 4D scalar potentials in the two approaches as. 


{!) ■■ = 


4 s V|; JcYs/O 


0 A *0 = 


4:5 V|; JcYs/O 


F A *F 


(80) 
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Matching the NS-NS sector: 


Under the orientifold involution, for the flux combination x being dehned in eqn. flTS]) . 
we get the following splitting into the even/odd (2,l)-cohomology bases, 

X = X^-^a + Xa^^ (81) 

= - I + (ha - 7 



r - 1 Ve UK + 


Note that some factors of “s” are introduced as we have changed various orientifold 
projected pieces of x Einstein-frame. Using the collection of x in terms of our 
generalized flux combinations, we hnd the following identihcation of pieces in Einstein- 
frame, 


{II) := 


4 S Vl JcYz/O 


S X A *x 


(82) 


4sV|; JcYs/O L 


El A *]H[ -|- Q A *Q — 2 s El A *(! 


.... 

H —— M A iM -|- s O A *15 — 2 Ve ® A *13 
s 


Comparing above with our symplectic collection given in eqn. fITHll . we hnd that the 
pieces in the hrst line are from F-term superpotential contribution while those in the 
last line are induced via F-terms. 

Further, as the holomorphic three-form is odd under orientifold involution, the 
multi-degree form \1/, as dehned in eqn. fl77p . will have three components appearing as 
6-form, 4-form and 2-form respectively. Therefore Einstein-frame expression of (T A *4/) 
piece can be expanded as. 


{III) := 


4 S Vl JcYs/O 


A = 


4 S V|; JcYslO 


(HAfi) A*(HAfi) 


-|-s (U < 12) A *{13 < 12) -|- (Q > 12) A *(Q > 12) 


(83) 


Now let us consider the two cross-pieces of Lnsns which are given as under, 

{IV) := ^ 


8sV|; JcYslO L 


12Ax)A*(12Ax) + (12Ax)A*(12Ax 
1 


^sVl; JcYs/O 


12 A Re{x) ) A * (12 A Re{x) 


4 s Vf JcYi/o L 


(El A 12) A *(H A 12) -F (Q A 12) A *(Q A 12) 


-s (H A 12) A *(Q A 12) - s (Q A 12) A *(EI A 12) 


(84) 
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where in the last equality, we have used Re{x) = H — ^ Q with appropriate indices. Now, 
notice that the hrst piece in eqns. fl55]) and fIMD cancel each other. Recall that this is 
the same cancellation which we have observed in eqns. fl3T]) and flS5]) while considering 
V 2 + V 3 in the analysis of previous section. Now using the symplectic relations fll 1311 - 01151) 
we hnd that {III) + {IV) results in the remaining following pieces of our collection. 


{III) + {IV) = 


- 61“' Ua A 


^■sVl; JcYs/O L 


(85) 


In this way, we are able to ensure that the various pieces of the scalar potential rearrange¬ 
ment collected in our symplectic formalism can indeed be derived from a ten-dimensional 
theory (namely DFT) after compactifying the same on a Calabi Yau orientifold. Now 
we will examine the proposal in two concrete examples. 


5 Explicit examples for checking the proposal 

Here we will present two explicit examples to illustrate the insights of our symplectic 
formulation of the four dimensional scalar potential. 

5.1 Example A: Type IIB T®/(Z 2 x Z 2 )-orientifold 

Let us briefly revisit the relevant features of a setup within type IIB superstring theory 
compactihed on T®/ (Z 2 x Z 2 ) orientifold. The complex coordinates Zj’s on each of the 
tori in T® = x x are dehned as 

+ Ui = x^ + U 2 x^, z^ = x^ + U 3 X®, (86) 

where the three complex structure moduli Rj’s can be written as Ui = Vi+i Ui, i = 1,2, 3. 
Further, the two Z 2 orbifold actions are being dehned as 

6 : {z^,z'^,z^) ^ {—z^,—z'^,z^) (87) 

6 : {z^, z^, z^) {z^, -z^, -z^) . 

Moreover, the full orientifold action is: O = {Qp (—1)^^ a) has the holomorphic involu¬ 
tion a being dehned as 


a : {z^,z‘^,z^) ^ {-z^,-z‘^,-z^), ( 88 ) 

resulting in a setup with the presence of 03/07-plane. The complex structure moduli 
dependent pre-potential is given as, 

vl v2 

J^= ^0 =^ 1^203 (89) 
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which results in the following period-vectors, 


A'O = 1, = Ui, = U2, X^ = U3, (90) 

To=-UiU 2U3, J^, = U2U3, J^2 = U3Ui, J^3 = UiU2 

Now, the holomorphic three-form fls = dz^ A dz'^ A dz^ can be expanded as. 


fis — -\- 17i O'! -|- t /2 

+ U, U 2 173/9° - U 2 f/3/9' - f/i U3(3^ - U, U2(3^ 


where we have choosen the following basis of closed three-forms 


Q/o = dx^ A dx^ A dx^ , 
Q/i = dx'^ A dx^ A dx^ , 
0/2 = dx^ A A dx® , 
Q !3 = dx^ A dx^ A dx® , 


/50 = (^ 3;2 ^ 

= — dx^ A dx^ A dx® , 
= — dx^ A dx^ A dx® , 
(3^ = — dx^ A dx^ A dx^ 


Subsequently we hnd that 

3 

= - E - A)) ■ 

i=i 


Kcs 111 


x''r^ - X''T, 


(91) 


(92) 


This also demands that Im{Ui) < 0 which is rooted from the condition of physical 
domain to be defined via period matrix (IM)) condition Im^AT^^) < 0 [Ml SI]- This 
condition Im{Ui) < 0 is equally important as to demand Im{T) > 0 and Im[Ta) < 0 
which are related to string coupling and volume moduli to take positive values, or in 
other words positive definiteness of moduli space metrices. Now, the basis of orientifold 
even two-forms and four-forms are as under, 

/ii = dx^ A dx^, /i 2 = dx^ A dx"^, ^3 = dx^ A dx® (93) 

= dx^ A dx'^ A dx^ A dx®, = dx^ A dx^ A dx® A dx®, = dx^ A dx^ A dx^ A dx'^ 

implying that d^^ = 5a.^. The only non-trivial triple intersection number (kajS'y) is given 
as ki23 = A;i23 = 1 which implies the volume form of the sixfold to be Ve = ti ^2^3 and 
so the four cycle volume moduli are given as, ti = ^ 2 ^ 3 , '^2 = h ti, T 3 = ti ^ 2 - implying 
that 


h 




Ve — 


yJriT2T3 


(94) 


Let us mention that for this example there are no two-forms anti-invariant under the 
orientifold projection, i.e. = 0, and therefore no B 2 and C 2 moduli as well as 

no geometric flux components such as ujakt^a^ are present. Moreover, as = 0, 

so no geometric as well as non-geometric flux components with index K G ^^^(Xg) are 
present, and this implies that respective D-terms will not be induced. The only D-term 
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can arise from the local sources such as branes and orientifold planes to cancel the RR 
tadpoles. Now, the expressions for Kahler potential and the generalized flux-induced 
superpotential take the following forms, 


K 

W 


-ln(-*(r-r)) - ^In {i{Uj-Uj)) -J^ln 

j=l a=l ^ 


E)\ 

(95) 

Fa , 

(96) 


where A = 0,1,2,3 and a = 1,2,3 implying the presence of 8 components for each of 
three form fluxes and given as, 

U U U U 7^2 rj-3 

-fJO; -ni, J^ 2 , ^ 3 , , n , U , n 

T? T? T? T? I?0 T7l 172 173 

-^0, -Tl, -^2, -^3, -r , -r ) -r , -r 

and similarly 24 Q-flux components can be written for Qa and Now to analyze 

and express the total F-term scalar potential in our symplectic formulation, we do the 
followings, 

• First, we utilize the Kahler potential fl95|) and superpotential flMj) which results in 
2422 terms in total. 


• Subsequently, using new generalized flux orbits and the relevant symplectic rela¬ 
tions given in appendix O we enumerate terms in each of the three rearrangements, 
and hnd that the counting of terms can be distributed into the various pieces of 
our symplectic formulation given in eqn. fl73|) as under. 


Wf = 
R hth = 
Vqq = 
IdiQ = 

IdeiF = 

= 


JcYs 


4V2 


E JCYs 


4 sV|; JcYs 

1 r 


4 


F A *F, 

El A *]H[, 

A*Q-{VEka0) Q"A*Q^y 
2 HI A *Q — 4 HI A , 


E JCY3 


1 


4V2 


(2 F A e), 


E JCY3 


1 


4sV2 


(-2F A 


E JCY3 


#(Rff) = 1630 
#(Rhh) = 76 
#(Vqq) = 408 
#(hHiQ) = 180 
#(Rh[f) = 32 
#(Ffq) = 96 


• Here, for checking the symplectic formulation, we have used the following relations. 


4 

9 



= A a^cTfi- AVe ka/3 


Aaf 0 0 \ 

0 4a2 0 

0 0 4a| / 


(97) 
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and 


Ve kajs — 


0 o'ia 2 o’lO'a 

0'ia2 0 0'2<^3 

O'lO's CT2(T3 0 


(98) 


Thus we are able to rewrite the total F-term scalar potential in terms of symplectic 
ingredients and without using internal background metric. As mentioned earlier, the 
last two pieces 14 nF and 14 q correspond to generalized tadpole contributions and these 
have to be canceled by local sources plus satisfying a subset of NS-NS Bianchi identities 
given in fl72|) . 

Note that our example A is too simple to illustrate all the features of proposed 
symplectic formalism in eqn. fl73D basically in two sense; hrst it does not have odd 
axions due to h]l^{XQ) = 0 and so use of generalized flux orbits corrected via odd-axions 
B 2 /C 2 have not been demonstrated. Second, this example could not introduce non¬ 
geometric i?-flux due to a trivial sector of even (2,l)-cohomology as = 0. For 

that purpose, we now come to our example B in the next subsection. 


5.2 Example B: Type IIB T®/Z 4 -orientifold 


In this case, we consider a type IIB compactihcation setup on the orientifold of T®/Z 4 
orbifold and analyze the scalar potential for the untwisted sector moduli/axions. This 
setup has = 1+ -|- 0_, and h}'^{X) = 3+ -|- 2_, i.e. there are three complexi- 

hed Kahler moduli (Tq), two complexihed odd axions (G“) and no complex structure 
moduli. The only non-zero intersection numbers are: k^n = 1/2, ^322 = —1 which 
results in overall volume form Ve = jidi — ‘^t^t^. In addition, one has odd inter¬ 
section numbers as k^n = — 1,^322 = ~l/2 along with da^ = diag{l/2, —1,1/4:} and 
= diag{ — l, —1/2}. Also, given that = 0, complex structure moduli depen¬ 

dent piece of the Kahler potential is just a constant piece. Here we hx our conventions 
by considering = 1, Ao = —i, which results in = 1/2. While we leave additional 
orientifold construction related details to be directly referred from I1Z1E2], here we sim¬ 
ply provide the explicit expressions of Kahler- and super-potentials for analyzing F-term 
scalar potential. The Kahler potential is given as under, 

K =-ln2-ln(-i(r-r))-2 lnVE(T„,r,G“;T„,r,G“) (99) 


where the Einstein frame volume is given as, 

Ve = VE{n, S, G“) = 1 (IZlzIA _ 


4(r — 
-T 2 ) 


ksab 
1/2 





( 100 ) 


Further, the generic form of the tree level flux superpotential with all allowed fluxes 
being included is given as. 


W 


^Fq + T Hq + CJoa G“ -|- Q“o 


(f“ + r G“ + r„) 


( 101 ) 










where a = {1,2} and a = {1,2,3}. Now, one can compute the full F-term scalar 
potential from these explicit expressions of K and W. For this toroidal setup, the new 
generalized flux orbits given in eqns. fl2^ . flTTD and fl25]) are simplihed. The ones with 
odd-indexed fluxes are given as under. 


— Hq + (Woi + UJo2 + Q^O ^2 ^31l{b^Y + ^322(^^) 

Fq -|- (woi -|- 0202 C^) + Q^O Pi 


Fo = Co Ho 


+Q^0 P 2 + Q^O [ps + + K322C^6^) 


( 102 ) 


^01 = 


1^01 + Q^O (^311 b^) 


Uo 2 = 

2 _ A 2 fi\3 _ A3 


^02 + Q^O (^322 b^) 


^^0 — Q^O, — Q^O-, Q^O — Q 


0 


while the ones with even-indexed fluxes are given as. 

Ml = / ^Ri, Oil = ^ 11 , O 21 = ca 2 i, O 31 = 0)31 — [Qi^bi + Qi^b2) — Ri{2b\ + 63 ) (103) 

and similarly flux components with upper index ‘A = 0 and K = V can be analogously 
written. Using these flux orbits one gets a total of 382 terms in F-term contribution 
while 72 terms in The F-term pieces can be rearranged as. 


VpF — 


AsVl L 


Uhih — 


Ufh — 


FtpA — 


Vuu — 


UnrA — 


Uaa = 


4V| L 


¥l + (F°) 

Hg + 


4V| 


X 2 


4sV| 


X 2 


HoF° - FoH' 

F 


CTr 


o“ajF' 


#(Uff) = 178 
#(1A^h) = 30 
#( 14 h) = 60 
dpo) = 64 


4V|l 


^3 (OoiOoi + Oi°Oi°) + 2 a3 (O 02 O 02 + 02°02°) 


4V| 


x(+ 2 ) 


3 H° Q°“ct„ ) + 3 


0 (Ja ) Ho 


#(Vbu -1- 


= 34 


4sV|l 


(4(72 - (^ 1 ) Qo^Qo^ + (c^l - (^ 2 ) 




-|-2 (TiCr2Qo^Qo^ — 6 Cr2CT3Qo^Qo^ “ 6 (TiCToQo^Qo^ 
1 


( 104 ) 


45V|l 


(4^3^ - a?) 


2\ AOlAOl 


+ - ^2^) 

+2 aia2Q°'Q°2 - 6 a2asQ°^Q°^ - 6 aiaoQ^'Q'’^' 


2^ ^02q02 ^ (^2q03q03 


~ 16. 
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while the pieces coming from D-term are as under, 

+ (Mi)2 


Vrh — 




4 

r 6„i)' + (r 
4h| 


#(ldRK) — 2, 


#(^0d) = 56, (105) 


14,7*5 = -2 X 


1 (t" +M^ (r 04 

4sV2 


4 ( 14 . 0 ) “ > 


This example also illustrates how a huge scalar potential can be so compactly rewritten 
using the new generalized flux orbits. Moreover, this rearrangement of the total scalar 
potential can be easily seen from our eqn. fl73p and any of the three symplectic repre¬ 
sentations in eqns. (jM])-(ES]) after supplementing the following symplectic ingredients. 


= -1, A4% = 0, A4o° = 0, Moo = 1 
= -1, C% = 0, £0° = 0, £00 = 1 

(A4i)°° = -2, (Mi)% = 0, (A4i)o° = 0, iMi),, = 2 (106) 

{M^f'^ = 3, {M 2 f 0 = 0, (A^2 )o° = 0, (Al2)oo = ~3 
(A43)“ = 0, (M3)% = 2, (A43)o° = -2, (-M3)oo = 0 
4411 = -1, M\ = 0, A 44 = 0, A 4 ii = 1 

For example, 14o can be known simply by considering Now kab = 

kaabf^, so One has the only non-zero components given as = ao and = 2 0-3 as can 
be seen from collection in eqn. 01041) . Similarly, for the largest piece V^q, let us consider 
the followings. 


klGafi - 4a„ := -4 Ve {d ^)a"' (d ^)/3^' (107) 

4(72 — 2al 0 —4(Ti ao 

0 CTl — 2(72 —4(72 <^3 

—4(71 O'o —4(72 <73 0 

Now one can immediately read off the precise sum of two QQ pieces as given in collection 
O104p from the following coefficient matrix, 

/4 _ \ / 4cr|-cr? (71(72 -3(Ti (73 \ 

( g ^O^a/3 -4(7„(7^ j -F(T„a;3 = (7i da 4-^2 -3^2 (73 (108) 

^ ^ \ -3(71(73 -3(72 (73 Crf J 

Here we recall that a a = and results in ai = ^ 1 ^ 3 , (72 = 44 and (73 = 

{t^ — 2 ^ 2 )- Thus we have illustrated our generic proposal of symplectic rearrangement in 
two Toroidal examples. 
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6 Conclusions and future directions 


In |l0], the four dimensional effective potentials obtained in the context of type IIB 
superstring compactihcaion with superpotentials induced by the standard NS-NS and 
RR three form fluxes and F^) have been expressed in terms of symplectic ingre¬ 
dients using |38]. In this article, we have extended that symplectic formulation for a 
superpotential induced by generalized fluxes turned-on on generic Calabi Yau orientifold 
backgrounds. This has been done in a two-step strategy. First we have rewritten the total 
scalar potential into suitable pieces using a set of new generalized flux orbits, and subse¬ 
quently after invoking some non-trivial symplectic relations we have further rearranged 
various pieces into a symplectic formulation. 

As a check of our proposal, we have considered two concrete examples of type IIB 
superstring compactihcation on the orientifolds of T®/(Z2 x Z2) and T®/Z4. Both of 
these simple examples have their own advantages and limitations. For example, the hrst 
example with T®/(Z2 x Z2)-orientifold illustrates the utility of period matrix part in the 
symplectic rearrangement as it has 3 complex structure moduli, however this example 
does neither support involutively odd-axions nor has involutively even (2, l)-cohomology 
sector to illustrate the appearance of D-term involving R-flux. On the other hand, the 
second example with T®/Z4-orientifold has two odd axions as h]l^{CY) = 2, and moreover 
h^^{CY) = 1 which help in demonstrating the crucial use of the new generalized flux 
combinations we have, and also in the embedding of D-terms. However, the second 
example does not have any complex structure moduli and so the information within 
period matrix sector has been indeed trivial. Thus we can say that the two examples 
considered in this article compliment each other quite well, and at the same time remain 
simple enough to perform explicit analytic computations needed to check the proposal. 

The symplectic rearrangement of the 4D scalar potential proposed in this article has 
many possible advantages and applications; for example, 

• The total symplectic rearrangement is very compact, and helps in rewriting the 
scalar potential consisting of thousands of terms into a few lines. Moreover, we do 
not need to know the Calabi Yau metric as the desired relevant pieces of informa¬ 
tion for rewriting the total scalar potential can be extracted via the moduli space 
matrices and the period matrices. 

• The symplectic rearrangement is what we call ‘suitable’ for dimensional oxida¬ 
tion purpose (on the lines of [Ml HHl EH E2]), and at least for the scenarios when 
the fluxes are treated as constant parameters, one could naively guess the ten¬ 
dimensional uplift of the four dimensional scalar potential. In fact, we have con¬ 
nected the various pieces of our rearrangement with those of a scalar potential 
obtained by dimensional reduction of Double Field Theory on a CY orientifold 


• Moreover, the scalar potential under consideration is valid for an arbitrary Calabi 
Yau orientifold compactihcation, and so is equipped with arbitrary numbers of com¬ 
plex structure moduli, Kahler moduli and odd-axions. In addition, the symplectic 
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rearrangement generically consists of all kinds of (non-)geometric fluxes along with 
the standard and fluxes, however which of those can be consistently turned- 
on on a given background still needs an answer. 

• In the light of the aforesaid points, the present analysis should be helpful in the 
model independent studies of phenomenological aspects, e.g. moduli stabilization, 
searching de-Sitter solutions etc. 

For example, to elaborate on the point of moduli stabilization, let us consider an orien- 
tifold setup with h?^{CY^) = 0 which has been very common in the setups of previous 
moduli stabilization studies and let us say that we want to focus on the stabilization of 
universal axion (cq) and dilaton (s), then using eqn. d75D the total effective potential can 
be rewritten as. 


V{co,s; 



12 F s I 


H- Co F 


F 2 


(109) 


where /j’s depend on all the moduli/axions except the dilaton (s) and RR axion cq. 
Note that it has been possible to extract the dilaton dependence from all the pieces as 
we have already expressed the symplectic collection into Einstein-frame. Further, the 
explicit expressions of Zj’s can be collected as under. 


11 = 

12 = 
k = 
U = 


4V| 


4V| 


4V| 


4V| 



GA*G + QA*Q+^ A 

—2 H A =t:Q — 4]HIA*Q-|- — I3a A *l3b , 



H A *]HI = Z 5 , 


( 110 ) 



(G A *]HI - 1 - El A *G), 


where G = F -|- c“ -|- Q“ pa while other flux combinations are as dehned in eqn. (12^ . 
Now extremizing the potential fllOOp w.r.t. universal axion and dilaton, one hnds that 


h _ _ \/ 4 hh ~ ^4 

2 Z5 2 \//3 /s 


( 111 ) 


Moreover, the two-held analysis shows that Hessian at the above critical point leads to. 




Co Co 




0 = Kco , 


jFhSF 


( 112 ) 


By this two-held analysis we have shown some indications how the symplectic rearrange¬ 
ment could be useful for performing a model independent moduli stabilization. Finally 
we may agree that many things work quite nicely, however there are several issues to 
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be settled in order to have a complete understanding of the setups with non-geometric 
fluxes. Moreover, which and how many fluxes can be truly and consistently turned on 
simultaneously remains an open issue which is essential for studying the moduli stabi¬ 
lization and subsequent phenomenology, and we hope to get back on some of these issues 
in future. 
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A Useful symplectic relations 


Using the symplectic matrices A42 and Ms defined in eqns. fl36|) . fl58|l . fl5^ and 

flHni) respectively, one finds that, 

Re{X^X^) = (113) 

i?e(AA 

ReiX^TA) = {M^a + 

Re{J- a) = +~ e {Maa + -^aa) = e AIiaa 

and 

+ 8 6^^=^ i?e(A^ = (-M^^ - 2Mi^^) (114) 

+ Se""- ReiR^X^)) = M 2 a^ = - 2 Mia^) 

(-M\ + 8e^“ i?e(A^ Aa)) = -M2\ = - (M\ - 2Mi\) 

(—Maa + 8 Re{R a R a)) = —M 2 AA = ~ {Maa — 2 Miaa) 
and so equivalently we have another set of relations as under, 

^ - M2^^) , (115) 

-^ia"^ = ^ {Ma^-M 2 a^) , 

M,\ = \{M\-M2\) , 

-^lAA = 2 (-^AA — M2Aa) 


M 

M 

M 

M 


■^3/^ (M^^ Ms^^ + M^^ Ms^^j + Als^^ {-^A -^3s^ + 

Msat Msj:^ + M\ Ms^^) + Alg^r (-^a^ -Mss^ + Maj: Ms^^) 

j -^sa'" (A1^^ Msy.a + Als^ a) + -^ 3 ^'" {_-^A -^3s A + Mat. M3^a) 

J -^3Ar (M^^ Mssa + -^^T -^3^ a) + ^Ws^p (-^A^ Mss A + MatMs^a) 


( 116 ) 

Being directly related to produce Hodge star of three-forms as in eqn. (15^ . we consider 
that Af should be present in all the rearrangement of the scalar potential pieces, and 
so we choose either of Mi, M 2 and Ala along with A1 for rewriting the various pieces. 
This leads to three rearrangements of the scalar potential. 
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Verifying the non-trivial symplectic identities 

Though verifying these symplectic identities is quite non-trivial for generic h^J^iCY) case, 
let us present some verihcation of the same by considering particular cases in the limit 
of not presenting too huge expressions. 

Case 1: h^l^{CY) = 0 

For the case of frozen complex structure moduli (e.g. models studied in [TTl IT^ 1^ 1^). 
we can have all the lijk, hj and U to be zero while choosing the pure imaginary number 
/o as /o = — i, and so we have 


= 1, Jo = -i (117) 

implying that Kcs := — In Ja) j = —In2, and subsequently from the 

respective dehnitions, one has 

Jfoo = -1, M% = 0, Mo° = 0, Moo = 1 
= -1, £% = 0, £o° = 0, £oo = 1 

(Mir = -2, (Mifo = 0, (Mir = 0, (-Mi)oo = 2 

(M2r = 3, {M2f 0 = 0 , (-^ 2 ) 0 ° = 0 , (-^ 2)00 = “3 

(M^r = 0, {Mofo = 2, (-M3)o° = -2, (-^ 3)00 = 0 

Jlii = -1, M\ = Q, A1i^ = 0, Mii = l 

Using these ingredients, we hnd that identities fllldp . flll4p . flllbp and flllbp follow quite 
immediately. 


Case 1: ^^(CY) = 1 

The pre-potential for this case can be written as. 




1 

6 ^ 


3 lo {xr + 6/1 (xr +3 hi (xr x° + im {xr 


(118) 


Even for this simple pre-potential, the period matrix M as well as other symplectic 
matrices are quite huge to represent, so just for the sake of simple illustration, let us 
assume that / = /m 7 ^ 0 and other triple intersection numbers to be zero. Subsequently, 
setting X^ = 1 and X^ = v-\-iu, the various symplectic matrices are simplihed as under. 


M^^ 

Mr 


6 

6ti \ 


( 

3v^ \ 

lu^ 

6v 

lu^ 1 


( 2x3 

1 2 ;^ (^ 2 x^+ 2 ;^^ 

2x3 \ 

22x^2;+32;3 / 

lu^ 

Iw^ / 


\ 2x3 

/ 



v^u^+vh \ 

1 i 

f i(u^+vr 

/2i^2x^+2;^^ 

3 J 

0 

2u^v-\-3v^ j 

1 , -Mas = 1 

62 x 3 

22x3 j 

/^2X^+42X^2J^+32;'^) j 

2X'^ 

2x3 / 


\ 22x3 

22x3 / 


( 119 ) 
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( 120 ) 




Ca^ = 


3 

lu^ 

3i; 

lu^ 


Zv 

Li^—3i;^ 


lu^ 


c\ = 


3u^v+v^ 

2 u^ 

3{u'^+v‘^) 

2 u^ 


2 u^ 

r?^w^+3i?^ ) 
2 u^ 


_ 3u^v-\-v^ 

2 u^ 

2 u^ 


^A-E = 


3{u^W) 

2u^ 

v(^u‘^+3v‘^'j 

2 u^ 

l(u^+v^Y 

I2u3 

lv(^u^ 

4u^ 


Au^ 

l(^u'^—2u^v^—3v'^^ 

Au^ 


= 


3 

3v \ 


/ 3?i^i; 

«4_„4 ^ 

lu^ 

lu^ 1 

1 , -Mi^s = 1 

[ 2 u^ 

2 u^ \ 

3'i; 

3(u2+i;2j j 

1 3{u^-v^) 

3ll(li^+D^) 1 

lu^ 

lu^ / 


\ 2 u^ 

2 ti^ / 




3{u^-v^) ^ 

1 1 

«(u2+„2)3 

lv(^u^-\-v^'^ 

-Mia"^ = 1 

2u^ 

1 

2«3 

3tl(M^+U^) j 

I ) -^lAE = 

12t/3 „ 

4u3 1 

3l{u^+v^) } 


\ 2u^ 

2ti^ / 


\ Au^ 

Au^ / 


( 121 ) 




A^ 2 A — 


0 0 
0 -i 


3v 


- + u 

U 



( 122 ) 


= 


Msa^ = 


3 

lu'^ 

3v^ 

2ti2 


3 

lu^ 

0 

_ 1 
2 


3ii^ I 1 

M^^=[ 


3t> 

,j ,2 


r^+^^) ^ I 1 

2ti2 2 


M.3\T. — 


+ f 


■ 2 ?i 2 


^ 4«2 

l{u'^W) 


Au^ 


0 


(123) 


Now using 6 -^“ = and J^q = —|/(n + m)^, = |/(n + w)^ for the simplified ansatz, 

one can verify that 


.^sTc, 




.iCc, 




Re{X^X^) = 

/ _ ^ 

1 Alu^ 

[ 3i; 

\ Alu^ 

f v^—3y?v 

3v \ 

Alu^ \ 

3{u^W) 1 

4/^3 / 

Re{RA X ) = i 

8u3 

3 ( 11 ^—u^) 

8w3 

3v(u‘^A-v^^ 


V 8ji3 

Su^ 

Re{X^TA) = 1 

/ v^—3u^v 

3{u^-v^) 

8«3 

1 i;4_„4 

8^3 

3vyu^A-R^^ 


\ 8?l3 

81(3 


f l{u^W 


Rc^RaRa) = 1 

48^3 
^ lv(^u^-\-R^ 

16^3 

) 3l(^u^-\-v‘ 


16u^ 


(124) 


16ti^ 
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which are precisely { — matrices, and hence we verified identities in eqn. flll3p 

though for a simplified ansatz to show analytic form of intermediate matrices involved. 
Following similar procedure, and using generic pre-potential 0, we can verify these 
identities for h?J^{CY) = 0,1, 2, 3 and we conjecture the same to be generically true. 


Useful symplectic expressions for Example A 

Considering the pre-potential ([89]), we get. 


= 


/ -U2UZ -U1U3 -U1U2 \ 


V 


-U 2 US 

-U,Us 

-U 1 U 2 


0 

Us 

U 2 


Us 

0 

Ui 


U2 

Ui 

0 


(125) 


/ 


Using which one can compute the real and imaginary parts of period matrix M which 
are given as. 


ReM = 


and 


ImAf = 


U 2 U3 
U\ 
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U\ US V2 

U 2 
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/ 2 viV 2 Vs 

-V 2 Vs 

-Vl Vs 

-V1V2 \ 

-V2 Vs 
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Vs 

V 2 

-Vl Vs 

Vs 

0 

Vl 

\ -Vl V 2 

V 2 

Vl 
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111 112 Vo 1 

^ +U1U2 Us - 

U2 Uz Vl 

Ul Uz V2 


(126) 
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U 2 V\ 

U\ 

U\ V 2 

U 2 

Ui U 2 Vs 

Us 


U 2 U 2 , 

Ul 

0 

0 


0 

Ul Us 

U 2 

0 


Ul U2 Vs 

UZ 

0 

0 


Ul U2 

Us 


(127) 
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Recall that condition for physical domain is ImAf < 0 which is ensured by (mi U 2 us) < 0. 
Using these ingredients, we get the four sets of period matrices AA defined in eqn. 
to get expressions given as under. 
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UiUoUz 

vi(u^+vi)(u^+vi) 





1121 

(“i+Uj 
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Now, we provide the 2-matrices are given as under, 
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